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Modeling and Analysis of Multiproduct Multistage
Manufacturing System for Quality Improvement

Shichang Du, Member, IEEE, Rui Xu, and Lin Li, Member, IEEE

Abstract—The ability to produce multiple types of products
using the same manufacturing system plays an essential role
in the success of a manufacturing enterprise. Meanwhile, most
complex manufacturing systems include many stages, called mul-
tistage manufacturing systems (MMSs). MMS has a cascade
property, which means the product quality is not only affected
by the current stage, but is also related to the outputs of the
upstream stage. Multiproduct MMSs (M3Ss) have been widely
applied in industry. Thus, this paper is devoted to modeling
and analyzing steady-state M3Ss for quality improvement. The
discrete Markov model for single-product-multistage system is
extended to novel Markov models for multiproduct-two-stage sys-
tems and multiproduct-multistage systems by calculating state
transition probabilities of six key manufacturing parameters to
obtain an acceptable product quality probability. Based on the
developed models, product sequence analysis is carried out to
obtain the best product sequence under Bernoulli conditions and
Bernoulli relaxation conditions, and bottleneck analysis under
Bernoulli conditions is conducted to identify the machine and/or
parameters whose improvement can lead to the largest quality
improvement. The applicability of the proposed models is val-
idated through numerical experiments and a case study using
real-world data.

Index Terms—Bottleneck, Markov model, multiple products,
multistage manufacturing system (MMS), quality control.

NOMENCLATURE

M; ith stage in multistage manufacturing sys-
tems (MMSs).

M; Stage merged by the first i stages in MMSs.

kj Batch size of product j.

K Total amount of products produced in one batch.

gi M; or M is producing a good product.

d; M; or M; is producing a defective product.

st One possible sequence when producing multiple
products.
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mth type of product in sequence S'.

jth product internal of S’,.

M; or M; is in good state g; when producing
product Sﬁn’ i

M; or M is in defective state d; when producing
product an, i

Probability for M; to transit from state g to
state dj.

Probability for M to transit from state g; to
state d; when switching from producing S;, to
producing Sﬁ.

Probability for M; to transit from state d; to
state gj.

Probability for M to transit from state d; to

state g1 when switching from producing S,l, to
producing Sﬁ.

Probability for M; to transit from state g; to
state d;(i > 2).

Probability for M. to transit from state g; to
state d;(i > 2) when switching from producing
Sé, to producing Sﬁ.

Probability for M. to transit from state g; to
state gi(i > 2).

Probability for M] to transit from state g to
state g;(i > 2) when switching from producing
Sf, to producing S.

In case of good incoming parts, the probability
for M; to transit from state g; to state d;.

In case of good incoming parts, the probability
for M; to transit from state g; to state d; when
switching from producing S,l7 to producing Si.
In case of good incoming parts, the probability
for M; to transit from state d; to state g;.

In case of good incoming parts, the prob-
ability for M; to transit from state d; to
state g; when switching from producing Sll, to
producing Sﬁ.

In case of defective incoming parts, the prob-
ability for M; to transit from state g; to
state d;.

In case of defective incoming parts, the probabil-
ity for M; to transit from state g; to state d; when
switching from producing Sf, to producing S.
In case of defective incoming parts, the proba-
bility for M; to transit from state d; to state g;.
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In case of defective incoming parts, the prob-
ability for M; to transit from state d; to
state g; when switching from producing S;, to
producing Si.

A; Matrix of state transition probabilities for the
system with i stages.

Matrix of state transition probabilities for the
system with i stages when producing the jth
product internal of S,.

Xi Matrix of steady-state probabilities for the sys-
tem with 7 stages.

Matrix of steady-state probabilities for the sys-
tem with i stages when producing the jth product
internal of S,.

P Probability of the
steady state.

Ois1,,st

system in one certain

P(gi) Probability of the system with i stages in
a good state.
P(glljp) Probability that the system produces good
products under batch production (BP) with
sequence S'.
P(gép) Probability that the system produces good
products under single production (SP) with
sequence S'.
Sy, Sensitivity of P(g;) with respect to y;.
Sy Sensitivity of P(g;) with respect to ;.
Sp: Sensitivity of P(g;) with respect to n;.
So; Sensitivity of P(g;) with respect to 6;.
Sa, Sensitivity of P(g;) with respect to «;.
Sg, Sensitivity of P(g;) with respect to Bj.
81 Maximum difference between 1 and (a; g ¢ +
855]
ﬂ l,sg,s]l-)’
8 Maximum difference between 1 and (y, ¢ 4 +
200
MZ,Sf,sl)'
83 Maximum difference between 1 and (n, ¢ ¢ +
8js5]
02,s§,s]’.)'

I. INTRODUCTION

HE ABILITY to produce multiple types of products using
T the same manufacturing system plays an essential role in
the success of a manufacturing enterprise. Product flexibil-
ity increases the rapid responsiveness of a system; it takes
full advantage of available system resources to produce mul-
tiple types of products using the same manufacturing system
that deals with internal and external production uncertainties
with time. Meanwhile, most complex manufacturing systems
involve many stages, called MMSs. As products move through
these stages, the variations in product quality are usually
introduced and propagated. Multiproduct MMSs (M3Ss) are
becoming more and more popular and necessary and have
been widely applied in automobile vehicles, engine, aerospace,
electronics, and appliance industry.

In M3Ss, the final product quality is dependent on not
only product flexibility but also product quality propagation.
For example, flexible fixtures play an important role to enable
flexibility of the whole manufacturing system, and they are

Product A or B E>

Stage 1 E>

Two-product two-stage manufacturing system.

Stage 2

Fig. 1.

programmable in order to hold and clamp different types of
products in a same manufacturing system. The fixtures locat-
ing accuracy determine the product quality. When the product
is changed from one type to another one, the fixtures need to
adapt themselves to the desired corresponding positions. Since
there exist relocation errors of the fixtures, their conditions
could be changed from “good” to “bad.” Assume there are
products A and B machined in two-stage system (see Fig. 1).
If the fixture is in good condition for product A and the subse-
quent product is also product A at stage 1, then a good quality
product would be produced. However, if the subsequent prod-
uct is changed from products A to B, then the fixture needs
to readjust its position (there exists a transition probability
from good position to bad position) and either good quality
or defective products at stage 1 may be produced. The defec-
tive product B may be produced at stage 1. Thus, the product
quality at stage 1 is dependent on not only the quality of the
previous product but also the product type, namely, the product
flexibility can affect the quality. Meanwhile, if the charac-
teristic of defective product B (caused by product flexibility)
produced at stage 1 is used as the locating datum to machine
other characteristics of product B at stage 2, then the quality
variation of product B would propagate from stages 1 to 2.
Flexibility can affect the quality propagation. Therefore, both
product flexibility and quality propagation could significantly
affect the final product quality in M3Ss. However, there has
been no analytical model to investigate and improve product
quality considering both product flexibility and product quality
propagation in M3Ss.

Modeling and analysis of MMSs for quality propagation
has received intensive investigation. One of the most popular
analytical models used for quality improvement is state space
model [1]. After that, a great deal of extended research on
quality propagation based on state space model has been con-
ducted. Detailed descriptions of existing research on the state
space model are provided in a monograph [2] and a survey [3].
In another research line of analytical methods, a Markov
model has been widely used as an analytical tool to inves-
tigate the interactions between the manufacturing system and
product quality [4]. The related literatures are reviewed in [5].
However, in spite of above efforts, the current Markov models
are explored only for single-product-multistage systems with-
out product flexibility [6], [7] or multiproduct-single-stage
system without quality propagation [8]-[11]. To the best
knowledge of the authors, there lacks an efficient method
to model and analyze M3Ss which features both quality
propagation and product flexibility.

The main contribution of this paper is to propose novel
Markov models for steady-state M3Ss for quality improve-
ment, which take both product flexibility and product quality
propagation into consideration.

The remainder of this paper is organized as follows.
Section II reviews the related literature. Section III introduces

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded on September 20,2022 at 10:38:29 UTC from IEEE Xplore. Restrictions apply.



DU er al.: MODELING AND ANALYSIS OF M3Ss FOR QUALITY IMPROVEMENT

M3Ss and formulates the problem. Two Markov models for
multiproduct-two-stage system and multiproduct-multistage
system are developed, respectively, in Section IV. Product
sequence and quality improvement analysis are carried out in
Sections V and VI. A case study is presented to illustrate the
proposed models and their applicability in Section VII. Finally,
the conclusion is given in Section VIII.

II. LITERATURE REVIEW

Product flexibility has been widely recognized as a crit-
ical component to achieve a competitive advantage in the
market place. Flexible manufacturing systems (FMSs) have
been widely designed and applied [12]-[14]. Detailed descrip-
tions of existing research on manufacturing flexibility analysis
methods and applications were reviewed in [15]-[18].

Modeling and analysis of product quality propagation
in MMSs have attracted substantial research attention in
recent decades. Data-driven methods focus on investigating
patterns from massive historical quality datasets to model
the relationships between product quality and manufacturing
systems [19]-[22].

Unlike data-driven models, analytical models employ off-
line analysis of MMSs based on fundamental physical laws.
The state space model is one of the most popular ana-
Iytical models used for quality propagation analysis [1]. It
is further investigated in 3-D assembly systems [23]-[26]
and machining systems [27]-[33]. Detailed descriptions of
the existing research on state space model are provided in
a monograph [2] and a survey [3]. However, analysis of com-
plex MMSs using the state space model based on physical
laws is often intractable [3], and such analysis either relies
on complicated kinematics models of manufacturing systems,
or is only applicable to deal with dimensional errors and the
application area is limited [34], [35].

In another research concentration, Markov models have
been widely used as analytical tools to investigate the product
quality. The related literature and empirical evidences show
that manufacturing system design has a significant impact
on product quality [5]. Modeling and analysis of manufac-
turing systems using Markov models for product quality
improvement have received more and more research attention.

Some Markov models are developed to analyze prod-
uct quality propagation in single-product-multistage systems.
Markov-chain-based quality propagation models are developed
to evaluate quality propagation in automotive paint shops [6]
and battery assembly process [7]. The analytical methods
using Markov models are proposed to evaluate three cases
of long manufacturing lines [36]. The impact of manufactur-
ing system design on product quality is investigated through
a case study at an automotive paint shop [37]. Also, analyti-
cal methods are proposed for the joint design of quality and
manufacturing parameters [38] and investigate joint produc-
tion and quality control in manufacturing systems with random
demand [39].

Some other Markov models are derived to analyze the qual-
ity of multiproduct-single-stage systems. The early Markov
model is developed to study how production system design,
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quality and productivity are inter-related [40]. Then a Markov
model to evaluate quality performance of multiproduct-single-
stage systems is presented in [41]. Based on Markov chain
processes, some analytical methods are developed to evaluate
quality performance in multiproduct manufacturing systems
with BP in [8].

Several research studies on product sequencing and bot-
tlenecks using Markov models in multiproduct-single-stage
systems to improve product quality have been conducted.
The impact of product sequencing and batch policies on
product quality is investigated and some insights to achieve
better quality are presented [9]. Quality bottleneck analysis
is carried out based on data from a factory floor [10], [11].
An arrow-based bottleneck identification method is presented
in [6]. A Markov model is applied to characterize a furni-
ture assembly system in [42]. A Markov model is explored to
control dynamic energy for energy efficiency improvement of
sustainable manufacturing systems [43].

In spite of the above efforts, M>Ss with quality propagation
and product flexibility still lacks an in-depth study, and there
is no efficient Markov model to analyze these systems for
quality improvement. The goal of this paper is to contribute
to this end.

III. MODEL ASSUMPTIONS AND
PROBLEM FORMULATION

Consider an n-product-r-stage system; the following
assumptions define the processing stages, product types, and
their interactions in the Markov models.

1) The manufacturing system consists of r stages which
can produce n different types of products. The corre-
sponding batch size for product j is kj(1 < j < n).
The total amount of products produced in one batch is
K =37 ki

2) We only study the working or production period of the
system. Machine breakdowns are not considered.

3) Define the stage M;(i = 1,2,...,r) in a good state g;
or a defective state d; if it is producing a product with
good quality or defective quality at time ¢. The quality
of incoming product is characterized by good state g;
or defective state d; with probabilities P(g;) and P(d;),
respectively.

4) There exist quality degradation and quality correction in
the system. The quality might get worse or better after
a certain stage. The quality of the incoming parts for
M;(i > 2) at time (¢t + 1) depends on the state of M;_;
at time ¢. The states g;—; and d;—; for M;_; at time ¢
means good and defective parts coming for M; at time
(t+ 1), respectively.

5) When M; is in good state gi, it has probability o« to
transit to defective state di and probability (I — «g) to
good state g;. When M| is in defective state dj, it has
probability B to transit to good state g; and probability
(1 — B1) to defective state d.

6) With good incoming parts, when M;(i > 2) is in good
state g;, it has probability y; to transit to defective state d;
and probability (1 — y;) to good state g;. When M; is in
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Markov model for
one-product-two-stage
systems 4]

|
| )

Markov model for Markov model for
one-product-multi-stage multi-product-two-stage
systems (4] systems

l J
!

Markov model for
multi-product-multi-stage
systems

|

Product sequence analysis

v
Sensitivity analysis

¥
Quality bottleneck
analysis

Fig. 2. Framework of the proposed method.

defective state d;, it has probability u; to transit to good
state g; and probability (I — u;) to defective state d;.
With defective incoming parts, when M;(i > 2) is in
good state g;, it has probability 7; to transit to defective
state d; and probability (1 — n;) to good state g;. When
M; is in defective state d;, it has probability 6; to transit
to good state g; and probability (I — 6;) to defective
state d;.

7) For the system producing n different types of prod-
ucts, there are (n — 1)! possible production sequences.
For a certain sequence st = {Sl , Slz, el sz}(l =
1,2,...,(n— 1)), S,ln denotes the mth type of product
in this sequence, where m € {1,2, ..., n}.

8) For a certain product Sin in sequence S, the system
will not transit to processing another type of product
S!(n # m) until it finishes processing the last one kgt
of product S,.

9) When M or M;(i = 2,3,...,r) is processing an,j at
time #, it may maintain processing the same type of
product an’ 41 Or switch to processing another type
of product S at (+ + 1). Then the correspond-

m+1,1
ing transition probabilities for M| and M; are denoted

as aj gl st ﬂl,Sf,,Sﬁ and V2,sl,.8L> K28l st> 2,80 sl and
02,55”55 (p,r = 1,2,...,n). When p = r, these prob-
abilities imply the internal transition probabilities of the
same type of product. When p # r, they indicate the
external transition probabilities between different types
of products.

We refer to «y, y;, n;(i > 2) as quality failure probabilities
and (i > 2)By, ui, 0;(i > 2) as quality repair probabilities.
Similar to throughput analysis and in accordance with some
quality analysis work based on Markov model [6], [7], [41],
we assume that all these transition probabilities are constant.
Actually in real manufacturing systems, machines have stable

r———————— il
| I
| M, > M, —'—l'—> M, > M,
(I —— J
] e
|| M e oM., —— M,
N — 4o
! |
! |
v v
M, > M,
Fig. 3. Iterative procedure for multistage systems.

production periods during which the state transitions can be
seen as stable.

The problem addressed is then formulated as follows.

Problem: Under the above assumptions 1)-9), develop
a proper method to evaluate the steady-state quality perfor-
mance of M3Ss as a function of system parameters, investi-
gate the sequence properties, perform sensitivity analysis and
identify quality bottlenecks.

The solutions to the problem are given in Sections IV-VI.
The framework of the proposed method is illustrated in
Fig. 2. Based on the Markov model for single-product-two-
stage systems in [44], a Markov model for multiproduct-two-
stage systems is developed. Then this model is extended to
multiproduct-multistage systems. Product sequence analysis
and quality improvement analysis are conducted based on the
developed models.

IV. MARKOV MODEL FOR M3Ss

A. Review of the Markov Model for
Single-Product-Multistage-Systems

Based on the assumptions 1)-9) and the work of [44], for
a two-stage system producing a given type of product Sfln,i’
the transition probabilities and the matrix of state transition
probabilities are presented (1), as shown at the top of the next
page.

The matrix of steady state probabilities is denoted as

X, =[P(g1g2) P(dig2) P(g1d)

Based on the Markov model, we have

P(didy) . 2

XA, =X; 3)
P(g1g2) + P(d1g2) + P(g1d2) + P(didz) = 1 4)

and

P(g2) = P(g182) + P(d1g2). &)

Equation (5) represents the probability that the system is
producing a good product. This probability can be seen as an
indicator to evaluate the quality performance of the system.

The model for single-product-two-stage systems can be
extended to single-product-r-stage systems (r > 3) by
applying the iteration method in [44] which has been validated
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1—0( A 1)(1— ! 1) o o 1(1— ! 1) (1—0( ! 1) I o o o o g ol
g |1 — Il — |l 1-— ) Il ( I gl
A2 — ﬂl Sm/ Sm/ 772 Sm/ Sm/ ﬁl,S ”S Jj 7]2 Sl)l_[ Sl)l_[ ﬂl SV)I_[ Srlljn2 Sm/ Sm/ ﬂl Sl)l_[ m.j )72 Sm/ Sm/
1l—«o o l—«a 1— ) (1 -«
1.8} :Sh 2,80 .8h 1.8}, S 1280, 580, L8}, Sl H2.8):Shs 1.8}, oSk ) 12,80, .8h,
o (1—- 0 1-6 ) ( 1-6
Prust 0, 028080, Prust 8, )%250,,50, Prsi,s,\1 =05, ~hiss, 280,50,
(1)
by exteF151.Ve numerlgal e.xperlments. The.general iterative pro- Vasi  sis Masl  si> Masl st and 02’ s .St The
cedure is illustrated in Fig. 3 and the main steps are presented matrlx of steady state probability X, | and tran-
as follows. sition probabilities A, ; are (13) and (14), as

1) Merge M| and M, to one stage M/, and gain the quality
of the new two-stage system M) — M3 based on the
model for one-product-two-stage system.
Merge M), and M3 to one stage M}, and gain the quality
of the new two-stage system M) — My4. Continue this
iterative process until the first (r — 1) stages are merged
to one stage M/_, and gain the quality of the final two-
stage system M’ =M,

During the iteratlve process of single-product-r-stage sys-
tems, any two-stage system M, — My, has six basic
parameters. They are y, ;| ¢ s

and 6. t

2)

> Higas! S Nit1,st s

m.j> m/

describing tfle Characteristics of M4 and

1 gl
18]S - o

al s s Pig g describing the characteristics of the

l l

m,j> m,j m,j>m,j

merged machine M. o/ i ol ,3’ S8 can be calculated by

mj* m,j m,j’

P(gi—lgi))/i,sfnj,sﬁn_j + P(di—lgi)ﬂi,gfnj,sﬁn_j

(6)
% Sin, St P(gi—18i) + P(di—18)
P(gi—ldi)ﬂi’sl ol A+P(di—1di)9i’sl S
ﬂ/ / , _ m.j~m,j mj* m,j (7)
£ oS P(gi—1d;) + P(d;—1d;)

The matrix of state transition probabilities (8), as shown at the
top of the next page.
The corresponding matrix of the steady-state probabilities is

Xit1 = [Pgigi+1) P(digi+1) Pidiy1) P(didiv)].  (9)
According to the definition of a Markov chain, we obtain

Xit1Air1 = Xip1 (10)
P(gigiv1) + P(digiv1) + P(gidiy1) + P(didiy1) = 1. (11

The final probability of producing a product with good
quality for the merged two-stage system is

P(gi+1) = P(gigi+1) + P(digi+1)- (12)
B. Proposed Markov Model for
Multiproduct-Two-Stage Systems

Based on the Markov model for single-product-two-stage
systems, by further considering product flexibility, we can
extend the model to multiproduct-two-stage systems. It can
be seen from assumption 9) that different positions of a part
in the batch may lead to different transition probabilities.

1) When M, is processing the first part of a cer-

tain product sequence ’n 2 = m = n),
the corresponding probabilities are ay g sty Brst st

m

2)

3)

shown at the top of the next page. When m
1, ie., M, 1is processing the first part of the
whole batch cycle, the corresponding probabilities are
st .st B sh.st> Vasists Hoglsls Tt sl 02,51, sh

and (15) and (16), ”eis showrllv at the top of the

next page.
When M, is processing the jth part of a certain product
Spjpom = 12,...,nj =23, kg — 1, the cor-

responding probabilities are oty gt g1, By st 515 Vol s 5
Ho.st st s Mgt sl >0y g ,and (17) and (18), as shown
at the trg)p of the next in)age.

When M) is processing the last part of a certain prod-
uct sequence S kg (m =1,2,...,n), the correspond-
ing probabilities aIe & gl s /31 slst s Vs 511”,
Mot s s sis 6ol g and (19) and (30), as show
at the tnop of the next page. When m = n, it means one

batch cycle is finished. Then (m + 1) would be 1 as
a new batch cycle starts.

Based on the above analysis, we have the matrix of steady

State

probabilities and matrix of state transition probabilities

in the form of a block matrix

X = X1 X125 s Xk X115 Xno1 kg
L m nfl
T
Xn,lv ey Xn,ksl -1, Xn,ksll] (21)
C 0 0 0 0 0 Ay
Ay 0 0 0 0 0
0 . 0 0 0 0 0
0 - Ay 0 0 0 0
A= S
0 0 Aptia 0 0 0
0 0 0 Ant12 0 0
0 0 0 0 0 0
0 0 0 0 . A"’ks’ 0
(22)
The sum of all the steady state probabilities equals 1
n K, n K
oY Peag)+ 2D Py ) =1 @3
m=1 j=1 m=1 j=1
and
AX =X (24)
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/ ’ ’ !
ﬂl‘sin.j’sfn.j(l ’72,S{7,V_,.‘Sﬁny,.> (l ﬁlvsin,/‘slm.j)<l 772,511'1‘/,511]1‘) ﬁl«sfn.ﬁsfwnz’S{"J’Slmvf (l ﬁ]vslm,j‘slm,j)nz‘sl"-f’sﬁnv/
Ajp1 =
I o oy Mgl o 1—ao o, o (lfuzsz s’) l—a o o g ¢
LS, j+Sm Omj>Om.j LSy Sy =Omgom LSS Omj>Om.j LSy, j+Sm OmjrOm,j
/ ’ / !
0 g - 0y o (1—91.,) - (1—911)
L 1S}, oSh i 2SS ( LS}, S ) 2SS ﬂl,s,’,,d.,si,,v/ 2,80j>Sm,j 1S, Sk 2.8 jSmj) |
(3)
Yo = [Plorg ) Plhs0s,) Plas,bs,) Plas,bs,)] (13)
1- O‘l,SL",Sf,,)(l - Vz,s’mf],s;l) Bist st (1 - ’72,51,"71,5,’") (1 - al,slﬂ,,s}n)/«bz,s’m.sgn 51,5{,,,SL”92,S’W71,5;
4 ars, s, 1= Vs, s, U=Pis,s, )= Mt s, LS, 51, 2.8, S, (1-Brs,5, )05 5,
il =
L—ay g5 )78 s, Pisi,.si, s | st (1 —apg s )(1— V«z,slmfl,s;l) Brsi.si,1 =02 st
aLsh,.s, Y28l s, (1 - ﬁl,S{,,,S@)’lz,s,’H,slm oy 5 s (1 - ﬂz,s,’nfl,sln) (1 - :31,s,1n.s£n> (1 - 92,5{"715[”)
(14)
X :[P ! 1) P(dz z) P( zd/) P( Idl)] 15
L1 gl’Sl,Zgz’Sl.l 1’Sl.2g2’sl.l g]’sl.Z 2’Sl,l gl’Sl,Z 2’Sl.l ( )
l—a; a z)(l— z) ! z(l— 1) (l—(x 1 1) y 1 o0 !
( 1,884 V2,808t B st st M,st.s} 1,s}.8 JH2,st 8t Bi.st 50250 st
oo all— 1 1-— a1 — 1 oy o o 1 1— 1 o |60 i
AL = 1,808} LI By st st M,st,st 1,850,580 H2,st sl Bist st )0rst s
’ 1l—a; o o 1 ! ol y l—a, g )l — /) //(1—9 1
1,8,.80 )V2,8,5} By st st st ! 18,8} Ha st s, Pist st 2,808
®.st,s0 V2,88 - ﬁl,sﬁ,s’l)nz,sﬁl,sﬁ a st s\ = Hog gt (1 —PBisis )1 - 92,5,1,,511)
(16)
X i = P( 1 1) P(d ! 1) P( ;1 d 1) P( :d 1)] 17
m,j glasm,‘ngz’Sm,j I’Sm,jJrlgz’SmJ gl’S)n.j+1 2’5"’1-] gl’sm~j+1 2’S"’J ( )
1= “l,sfm,s'm) (1 “nss) P (- ﬂz,sﬁﬂ,sfm) (1 g, )i, s, Prs,.5,02.5,,.5],
ap s s\ L= vast st =B85 s )\ =15t st oy 51 st Mo st st (1 —PBist,.st )0st st
Amj = 1 1 1 1-0
oL, 8L ) V28,8, Prsi,.s1,m2.81,.5, ( s, —Mz,szpsfm) Prsi, 1,1 = O2s.,s1,
LS}, V2.5},.5, (1= Brsy,s, )mas, s, ars, s, (1~ Hasi,s, (1= Brs5,) (1 =251,
(13)
X, =P Pld P d P d 19
mkg (gl’SIInJrl.]gz’Sfﬂ,ksl) ( 1’S£n+l.]g2’sf)z,ksl> (gl’sr’n+],l Z’SLL/(S, 818,410 z‘sin,ksl (19)
(1 - "LS,’”,S,‘M)(] - Vz,sgn_sfm) Prs,.s, (1 - ’7215’m-5fn> (1 - “I,Sims’,,ﬁ])ﬂls’ws/’n Pisi.st, 0288,
A 1,80, 8hr \I 7 28,5, L= Arss )\~ ms,s, 1.8},.8], 4 K253, U= P1sts) . ) 028050
mky =
st
" I—o g s, )7, Brs, s, 12855, t—ag g J(1-mgs) s, ! =0,
@150, V205 (1 =biss s, @, (-mss) (A, ) (- tss)
(20)
By summing up the elements in X;;, we find that which leads to
Plgiad & o J+Pldo 8o J+Plg o da
P( y y )+P<d 1 1 >+P< i dy ) LS, . 192.8,, 1,8t . 62,8 - 1,8t . dagl
8 LSt 828, LSt 8288 81.sh, 228t mj+17 %0, m 17 % 0m m./T m.j
+P(gy g )= (26
+ P( 1 dy ) Pmjtl “Om K
gl’Sm.j-H 2’Sm.j

The final quality can be obtained from (23)—(26)

=7 )+7( )
gl’sin,j+2g2’sfn,j+l T dl’Sin,j+2g2’S£n,j+l n ké‘,’-
P(gl> = Zp(g2 y j). @7
+ P<glﬂsﬁn,,/+2d2’sin,j+1) + P<g1’S£n.j+2d2’S£n,j+l) 25) m=1 j=1
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) = et =) )+ (- ) (1 72 09
8bo) = Zm:l kan
y P(gj._L Sgng,-,sgn,j) Yist s+ P(dj 1. Sgng,-,sgnd) Nist sl
%8Sk, T / - / 29)
P<gi71’S£ngi’S£"’J) + P<dl 1 S{ngl S, ’J>
, P(gj»_l’ 51 8i.sl, l)m,sgn,sgn +P (a’,’-_ 151 8ish,» l)ni,Sﬁ,l,Sf,,
P<gi—1,si,,gi’5£,’ 1) +P<d 1.5, 81,80, 1)
P<8;1’%181—1,5{"7kS{,,)%,sﬁ,,,sﬁn +P(dl 1.8 8[,55,1”‘55,1)'71',51,,,&”1
lS] Sl . = (31)
m~m+
P<g;1s’ gi—l%”‘%) +P<d;1 s! gi’an’kSh)
Pm+1 1
, P(g;;]’s, d; S,’n’f>“l ShysShy +P<d 1.8 duSin’j)ei,Sin,Sin
'Bi,an,an = (32)
P<g lsldtS’ 7])+P(d lsldlsl v])
, P(g:'—l,sﬁndi»sin’ 1)Mz stk +P(d s st 1>91 $t,.SL,
Bisi, s, = / (33)
P<gi—1,S£ndi’S£n’ 1) +P(d 1.1, 4.1, 1)
, P81, disl, ksy )i, st P(diosy, disyo ks, o, st

m ’ m+1

P<gi—1,sin+ldi,s£n7ks£n) ‘Hn(di—l,sfn+ d; s

)

st kst,

m

If we ignore quality propagation in the system, namely,
M.st,.8, = V28,8, Tost st = Vasl  slo and 7, g1 s =
Va5t st then the probablhty of producmg a product with good
quahty could be (28), as shown at the top of this page, which
is consistent with conclusion (26) made in [9].

C. Proposed Markov Model for
Multiproduct-Multistage Systems

Based on the model for single-product-multistage sys-
tems that focuses on quality propagation and the model for
multiproduct-two-stage systems that focuses on product flexi-
bility, we derive the general model for M3Ss. The correspond-

ing probabilities are: o’ o o
gp sy Cishsty st Pisisy
i
‘Bi S’ Sl ’ 'Bi Sl Sl ’ Vi Sm Sm’ yi Sl S’ 1’ ni, Sin’Sin’ ni'sin’sirﬁl’
0. and 0 where m =
Hl Sl Sl ’ 'u’ S;ln Sm+l’ L S] Sl ’ ’S;ln Srln+l’
1, 2, .., r—1.

Especially when m = n, it means a batch cycle has been
finished and the system will enter another production cycle.

Under this situation, o’ it sl , for example, will be denoted

m m+l

as o and so as for B/, , .
t,Sm,Sm+|

Vist sl

S[ S/ m*~m+1
/

Mist s

m: ”H’l

B! i.sl st and .3 a

method and they can be expressed as follows, (29)—(34), as
shown at the top of this page.

Similar to the matrices of transition probabilities that have

been stated in Section IV-B, the transition probability matrices

’ nls Sm+l
, and 01 s sl

m*Ym+1

’ﬁtS’ Sl’

o o
i Sl gl > ¢l ¢l oM !
l’sm!Sm 08>S l,an,Serl m

are obtained by applying iteration

for the products in the first, middle, and last positions are
(35)—(37), as shown at the top of the next page.

According to the definition of a Markov chain, we
can get the probability of producing a product with good
quality for M3Ss. Especially when the probabilities sat-
isfy Bernoulli distribution, we have «j,;; + B1;; = 1,
Yiij+uoij =1L mj+60; =10 =1,2,...,nj =
1,2,...,n) [8], [40], [45], [46], then the expression of
the final quality for a n-product-r-stage system with sequence
S! can be obtained (38), as shown at the top of the next page.

V. PRODUCT SEQUENCE ANALYSIS

As indicated in the models for multiproduct-two-stage sys-
tems and multiproduct-multistage systems, different sequences
involve different transition probabilities, which means
the final quality might differ from each other under
different sequences. Therefore, an appropriate sequence

of multiple products could improve the final prod-
uct quality. Furthermore, different sequence strategies,
BP as a,---,a,b,---b,¢c,---c,---,a,---, or SP as
a,b,c,---a,b,c,--- also have impact on the quality.

A. Bernoulli Case

In order to simplify the analysis and make conclusions
more explicit, we first focus on the quality properties regard-
ing the sequence of multiproduct-two-stage systems under
the Bernoulli case. The Bernoulli case is often employed in
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— (1

Ag =
— (1

Agj =
— (1

Asptg, =
P(gbp) =

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. 48, NO. 5, MAY 2018

" 1" " 1
— -y . 1-n, ) (1705. ) : )
z,S,’mS’m)< Vt“-Sfﬂfpan) ﬂz,s,’n,s;( Mit1s), .Sk it JHivLst s, ﬂz,S,l”.S,’n i+1,8), .Sk
" " " "
o 11—y 1—-p 1—n; o . 1—5 0.
(R VitL.s), .8, Bisi, s, Mit1.8,_,.8,, ist st Hivls .S, Bisi st )0i1s s,
1—a” : Y . 1—a 1—u, ) 4 1-6
( 080,80, ) Vi 1.8, S Bist, s, 1.8, .5 1.5},.5%, Hitrs, ;. Fisi.s, LS, .Sh
" " " 1"
o : 1— 8 : 1—ao : 1- 8 )173
it s Vit s, S, Bisi, st )Misrs! s, istsh JHirLs! s, Bisi st 18, sl
’ ’ ’ ’
O‘f,s;,,,sg) (1 Vi+1.S,’,1,S’m) Bisi st (1 "i+1.55,1,SL”) (1 ‘)‘i,s:,,,s{)“iﬂ,S’m.Sf,, Bisi st Oir1.,.81,
! ! ! !
%518, (1 Vit1.8.,.8,, 1=Fg g )] ”i+1»S’m,SL,) % st st Hit1.8),.8], 1 ’3i,siﬂ.s,',,)9i+lys’m,5,’” (36)
’ ! / ’
g g )Vitrs,.s, Bisi, 51, it 1.8, - g )] /’“i+1,SL,»S{n> s s L= Oy, s,
/ ’ ’ /
% st st Vi1, S, 1=Fig g JNit1s,.s, 1 O‘i,s{,,,s{)“iﬂ,s’mﬂ,’ﬂ 1 i,S{n,S{,,) 1 9i+1,SL;»S’m>
/ / ! ’ T
-« 11—y 1—mn; -« i 0;
i,s{ﬂ,s{m)( VH-LSlmen) ﬁi,s,lms{nﬂ( '7!+'>Si.,-5,’n> < RUNCN Lo B ﬂi,S{n.SfH] i+1.8},.8},
’ ’ ’ /
P -y, - 1— ) P . 1- 0,
i,SinH,Sﬁn( Vz+1,sﬁ,,,s{n) ( i85, ( it 1,8},,Sh 180,80 LS8, 0588, ) LSS
1—a , ’ . 1o (1— : ) ' (1_9 )
05,80, ) Vi8S Bisy st NiH1.S,8, R Kit1,s,.), Bisi.si ., +1.8),.5,
’ ’ / /
p , 1- . 1-a . 1- (1 ) )
ish.sh | ViLSh.S, < ﬂi,sfn,sﬁm Mit1.8},.8, < i.s,’,,,sj”+l>“’+l-55nvs’m ( ﬂi,S{n,SL,H i+1.5,.5}, ) |
37
n r
2 (ks,’- - 1) [1 = Vrslsi T Vr-1sLs] ("r,S,’-,S£ B Vr,s,’.,s,’-) — = rass i ("r,sf,sf. - Vz,sf,s{.)]

n
p- ks§
n r e
2z (ks{ - 1)[<] - al,sf,s{.)yz,sf.,sf [Ti= (”z,sﬁ,sf - Vt,sf,sf.) +ay g s s st iz (”t,s{.,sﬁ - Vt,Sf,S{)]
n
Dimt ksf
=Y. o z)—~'—y 1 o]l (n I od =Y, z)]
st~ Vrsl 8! 3,80 st i=a\"li st st~ Vist s
n
> imi ksf
n r r
Zi:z[(l B al,Sffl,Sf)yz,Sfil,Sf [Ti= (n”Szl‘—l’Sﬁ B yt*SLl’S:]) * “isi 828t [Ti= (n”sf—l’sf B Vt,sll,il,sll)]
n
2im ksf
.
[1 ~ Vsl sh T V1,88 (’Tr,sf,,sl, - Vr,sﬁl,sq) T T 388 Hz:4<’7z,s{,,sl, - Vz,s@,sﬁ)]
n
p ksf
r r
[(1 - 0‘1,5;,51)7’2,5{1,5’l [Ti=3 (”t,s{,,s’l - Vt,Sﬁ,,S’l) Ty 5 517! [Ti=3 (’%,sf,,s’1 - Vt,sln,sll>]
- (38)
n
p ksf

n
Zm=1(ks£n - 1)(1 —ayg sl Mgt st F Ay s Vagloglo— Vz,slm,sﬁ,,)

n
Zi=2[1 T Vrsl ST V1Sl s (”r,sl

i i i—1

+

+

P(gop) =
P n
Zm:l kS,ln
n
Zm=2<1 A5l silasl s T g Vol s Vz,sﬁﬂfl,s,’,,)
>om=t k
m=1*%s!,
l—« o — )
+ ( 18,8, st sl T s sl Vast sl T Vs (39)
n
Zm:l ka,,
n
-« o - )
Pley) = Zm:Z( 18 st s T s q Vo s T Vi s
8sp) = .
(1 — g st sl sl T g gl Yo st gl T Vl,sf,,sll)
+ (40)

n

quality analysis and assumes that the system quality follows we obtain the probability that the system produces good
a Bernoulli distribution: oy ; j+pB1,;j = 1, y1,i,j+12,ij = 1,and  products under BP P(gpy,) and SP P(gs,), respectively,
Nij+02ij=10=12,...,n,j=1,2,...,n). Accordingly, (39) and (40), as shown at the top of this page.
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(kg — D[l = y2,0.a + al,a,a(VZ,a,a - 772,(1,11)]
Pop(8s1) =
kg + kp + ke
(kp — DI = y2.0.6 + @16, (V2.0 — 12.6.0)]
+
kg + kp + ke
n (ke — D[1 — V2.c.c t al,c,c(VZ,c,c - 772,6,6)]
ko + kp + ke
1 - V2.c,a t al,c,a(VZ,c,a - 772,c,a) +1- V2.b,c + al,b‘c(VZb,c - 772,b‘c)
+
ka + kb + kc
1= y2.ap + o1ab(V2ab — M2.a.6) @)
ka + kp + ke
(ka — 1)[1 — Y2.aat ‘Xl,a,a(VZ,a,a - 772,a,a)]
Pop(8s2) =
ka 4+ kp + kc
(kp — D[1 = 260 + o1.6.6(v2.0.0 — 12.5.0) ]
+
ko + kp + kc
(ke — 1)(1 — Y2,cc t+ ‘xl,c,c(VZ,c,c - 772,0,0)]
4
ka + kp + kc
1 —y2pa+ Oll‘b,a(VZ,b,a - nz,b,a) +1—=y2ep+ Oll,c,b()/z,c,b - 772,c,b)
+
kg + kp + ke
I —v2a.c+ al,a,c(VZ,a,c - 772,a,c) (42)
kq + kp + ke
=20+ al,c,a(]/2,c,a - 772,c,a) +1—=y2pc+ al,b,c(VZb,C - 772,17,0)
Psp(gsl) = 3
1 - + o -
N Y2.a,b 1,a,3b()’2,a,b M.a.b) 43)
l—=v2pa+ Otl,b,a()/z,b,a - 772,b,a) +1=92cb+ Oll,c,h()/z,c,b - nz,c,b)
PSP(gSZ) = 3
+ I —¥2ac+ al,a,c(VZ,a,c - nZ,a,c) (44)

3

Here we first take a three-product-two-stage system as an
example to study the quality properties of product sequence
and then extend these properties to more general cases.
Assume that three different products a, b, ¢ are produced.
There exist two different sequences: one is Sl:a—b—c
the other is S%: @ — ¢ — b. The corresponding probabilities
are

X1,a,bs X1,b,cs Xl,c,ar X1,a,cs X1,c,b> X1, b,as X1,a,as X1,b,by X1,c,c
Y2,a,bs V2,b,cs V2,c.as V2,a,cs V2,¢c,bs V2,b,as V2,a,a> V2,b,bs V2,c,c
N2,a,bs M2,b,c> M2,c,a> N2,a,cs N2,¢,bs N2.b,a> N2,a,as 12,b,b> 12,c,c-

According to (39), the probabilities of producing a good prod-
uct for sequence S I and $? under BP are expressed as P(gép)
and P(gﬁp), respectively, (41) and (42), as shown at the top of
this page.

And the probabilities of producing a good product under SP
for the two sequences can be obtained from (40) and expressed
as P(gép) and P(gfp), respectively, (43) and (44) as shown at
the top of this page.

Comparing (41) with (42), we can draw Conclusion 1.

Conclusion 1: When BP is applied in M>Ss, the best product
sequence depends on the external rather than internal transition
probabilities. By comparing the difference among the external

transition probabilities under different sequences, we can find
out the best product sequence.

Comparing (41) with (43) [or comparing (42) with (44)],
we have Conclusion 2.

Conclusion 2: Best sequences under BP and SP in M3Ss
are consistent with each other, which means if sequence 1 is
the best one under BP, then it’s also the best one under SP.

Conclusions 1 and 2 can be extended to Conclusion 3 when
n types of products are manufactured in the system.

Conclusion 3: Under the Bernoulli case, for an M3S pro-
cessing n different types of products, the best sequences under
BP and SP are consistent with each other, which means
P(gl ) > P(gy) < P(gép) > P(gl). And the sequence
satisfying the condition

n
max Z 11— o 1 oy o !
{ ( 1’Sm—]’S{nnz’sm—l’Sll‘rl + l’Sm—I’S£ny2’Sm—I’S)[n
m=2
- yZ,S,l”_l,an>
+ (1 — Oy g st st sl T g gl Ya sl gl T Vz,s{l,sfl)}

is the best sequence.
Proof of Conclusion 3 can be found in the Appendix.
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B. Bernoulli Relaxation Case

Although the Bernoulli case is very similar to the real man-
ufacturing conditions, it still seems strict to some extent. Thus,
we slightly relax the Bernoulli case and extend the model to
more general cases in practice. Under the Bernoulli relaxation
case, the summation of failure probability and repair probabil-
ity does not have to equal 1 but just to be close to 1. In other
words

il

8§ = maXHl — “1,s§,sJ’. — ,31’511_’]1_

o

8=maxH1— 10 —0, 04
3 n2,si,s]— 2,5; j

8 = maXHl T Vaslsl T Mol

Smax = max{dy, &2, 63}

where i = 1,2,...,n, and 0 < 6y, 82,

53s Smax < 1.
Conclusion 4: The probability of producing a good product
for M3Ss in a certain interval is decided by Smax and

1 Xl < P(gl) < 1 Xl
1 4+ Smax - “ 1 — Smax
where for BP
X' = o = P<g'IJP)

n
2= (ks{ - 1) (1 sl sislst sl sYa sl Vz,sﬁ,sf)

1,2,...,n,j =

(45)

n
Zi:lks{
E'«l_z(l—a I ANy o T dVyd o — Vool /)
i= 1,80 ,,stMa,8 st 1St stV2,st st T VoSl st
n
i ks§
(1 — g st st H s Vst gl T Vz,s{,,sﬁ)
+ . (46)
Zi:l st
and for SP

X] — XSP = P<g£S>

n
Yimo(l =g sifast st T s sVasl sl Vz,sffl,sf)
n
(1 — g sihst st A g s Yo g st Vz,sfl,s’l>
+ .4

n

Proof of Conclusion 4 can be found in the Appendix.

Conclusion 5: Under Bernoulli relaxation case,
when 0 < Smax < [ — X/ +x1 =
[(x{,lp — X/ Ky + X1, we still have P(gy,)) > P(gh) <
P(g,) > P(ggp)-

Proof of Conclusion 5 can be found in the Appendix.

Actually not only when O < Smax <
(O = X/ Otp + X1 = [ty = X/ Oty + X001
but also under most Bernoulli relaxation cases, the conclusion
P(g{)p) > P(gh) & P(gl,) > P(gi) holds. In order to verify
it, extensive numerical experiments have been carried out.
We assume that dmax < 0.2 and « € [0,0.2], B € [0.8, 1],
y €10,0.2], n € [0.8,1], n € [0, 1], and 6 € [0, 1] [9, 11].
Corresponding transition probabilities under certain sequences
are randomly generated within their intervals and the results
of the final quality are estimated by applying the model for
multiproduct-two-stage systems. When there are more than

97.00%
96.00%
95.00%
94.00%
93.00%
92.00%
91.00%
3 4 5 6

Probability that
conclusion holds

Number of stages
Fig. 4. Probability that conclusion holds under Bernoulli relaxation case.

three types of products, alternative sequences can be chosen
to improve quality. Here we increase the number of product
types from 3 to 6 and the number of possible sequences
increases from 2 to 120. For the given number of product
types, make comparisons between the results of final quality
under different sequences and each comparison is based on
1000 times of numerical experiments. The results show that
the probability that P(g{)p) > P(gg’p) & P(gip) > P(gg';)) holds
is around 97% when the number of product types ranges
from 3 to 6.

When there are three types of products, the probability
that the conclusion P(g]’jp) > P(g’b”p) & P(gép) > P(gg’l',)
holds is about 91%. But when the types of products increase
to 4-6, the probabilities are all between 96% and 97%
(Fig. 4).

So it is reasonable to conclude that in practice, the best
sequences under BP and SP in M3Ss are consistent with
each other.

VI. QUALITY IMPROVEMENT ANALYSIS
A. Sensitivity Analysis

The product quality for a multistage system depends on the
quality failure probabilities y;, n; and quality repair proba-
bilities p;, 6;. Changes of theses parameters can lead to the
improvement of quality P(g;). It is necessary to find out which
parameter could bring about the largest quality improvement.
Sensitivity analysis of P(g;) with respect to y;, 1;, i, and 6;
can help figure out this question.

For the sensitivity analysis, we change only one parame-
ter and while the others remain unchanged. Accordingly, the
changed parameters and probabilities are y/, u;, n;, 6/, and
P (gi), Pu;(8), Py (gi), Po(gi), respectively. Then the sen-
sitivity of P(g;) with respect to y;, i, 71, and 6; could be
written as

_ |Py,(gi) — P(g))|/P(gi)

Sy = ; (48)
lvi = vl /v

5, = [P (@) - P(si)|/P(g) o)
|wh = il /i

s, = |Pnts) —P@|/P@) 50
|} — il /i

5, = [Paten = P /P s

’ 67 - il /6
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(ks = D[ = Fastst = oot (s = vt )]

811

P(gs4) =
ko + ka
_ Sl SZ
(ks = D)L = @5 72505 (1351 = Vaspst) (rastsl = Vaspst) ]
: sy + sy
(ks = D)l simasyst (5.5 = Vasts) (st = vastst)]
- ka + ka
_ Sl + S2
(ks’ - 1) L=v45 s =735 s, (’7451 s~ Vas, s‘)]
+ 2 L e’ e’ (e’ A0e’) [’ A0e)
: sy +
(ksl2 - 1) _(1 - 0‘1,512,312>V2,s12,s’2 (’73,s’2,512 - V3,s’2,512)<’74,s’2‘s’2 - V4,s’2‘s’2)]
: sy + sy
G =)o (s = v (s =rass)] (1= v = 7ot (st = s
ka +ka ka +ka
Sl + SZ Sl + SZ
1—0[11) 11( I o — 11)( I o — 11)]
B [( 1,55,8, ) V2,88 st A\ 13,85t — V3,sb st J\Tash st — Vasl.s)
ka +ka
st T kgl
_[%xﬁ%$ﬂ0k$ﬁ—%xﬁxmﬁﬁ—wﬁﬁﬂ+Jﬁ—mw$—%x$QMW$—wﬁxﬂ
kSll +kS12 ksll +k512
1—0511) 11( I o — 11)( | o — 11)]
B [( 1,50,85 ) V2,8, s\ 3,81 st — V3, sk J\ 4,8 L — Vastsh
ka + kqg
st kgl
Lot 551 (751 = Past) (massy = syt
- ko + kq (55)
Sl S2
Especially, when i = 1, the sensitivity analysis of P(g1) ¥, g g (m= 2,3,...,n). Then there are several kinds of
Fm—-1""m

with respect to oy and B; is needed. According to [41], we
can obtain

Bi
ar+ B
Assume the changed parameters are o, B and Pg,(g1),

Pg, (g1). Then the sensitivity of P(gy) with respect to oy and
B1 would be

P(g1) = (52)

|Pay (g1) — P(g1)|/P(g1)

Sy = / (53)
jofp — et /e

55, = P2 8D — PGDI/Plen) 54
81— Bil/ B

The parameter with max(Sy,, Sy, Sy;, Sp;) when i > 2 or
max(Sy,,Sg,) when i = 1 is the most sensitive and has the
largest impact on P(g;).

B. Bottleneck Analysis

For M?3Ss, the final quality is the function of inter-
nal and external failure probabilities and repair probabili-
ties. Because of product variety, a certain set of failure or
repair probabilities contains both internal and external prob-
abilities. For example, for quality failure probabilities with
respect to good incoming parts y;, there are internal prob-
abilities y; ¢ ¢ (m = 1,2,...,n) and external probabilities

quafity bottlenecks, namely, internal and external quality bot-
tleneck for y (IQB — y and EQB — y), internal and external
quality bottleneck for u (IQB — i and EQB — ), internal and
external quality bottleneck for n (IQB —n and EQB — ), and
internal and external quality bottleneck for 6 (IQB — 6 and
EQB — 6). They are defined as follows.

Definition 1: For i # j, if [[0P(g.)/dV;q st 1l >
I[dP(gn)/0Y; st st 1l. then under sequence s, Vist st is the
IQB — y for product Sﬁn, which means when producing prod-
uct Sﬁn, stage i is the quality bottleneck with respect to failure
probabilities for good incoming parts.

Definition 2: For i # j, if |[3P(g")/8“issﬁws,’w]| >
10P(g:)/01; 51 st 11, then under sequence S', ;g1 g is the
IQB — u for pfoduct Sﬁn, which means when producing prod-
uct an, stage i is the quality bottleneck with respect to repair
probabilities with defective incoming parts.

Definition 3: For i # j, if |[0P(gn)/0n; 5 s 1l >
|[3P(8n)/3’1/,5',,1,S£n]|7 then under sequence ', st s, is the
IQB — 7 for pfoduct S,ln, which means when producing prod-
uct Sﬁn, stage i is the quality bottleneck with respect to failure
probabilities with defective incoming parts.

Definition 4: For i # j, if |[3P(gn)/39i,sfn,5£n]| >
I[9P(gn)/00; 51 i 1I, then under sequence s, 05t s is the
IQB — 6 for product Sﬁn, which means when producing
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oo | _| (= DO = osis) (s = 2si) 1= mas | (st = st £ 1 =m0 o
ast st ksi + kg,
oo | _ |Cs = DHL( =) (st =) 1= s (st =) + 1= st 7
asi.s) ksi + kg,
opo | [ (ks = D[ =g (st = 72s0st) + 1= mast | (et = vastst)
9 - ok (58)
V3,5l 8] s TKs
ope) | _ [ = )[( =) (s = v2st) + 1= oty = vast) 50
373,50 5, kgt + kgt
P | | (s = )[( =) (st = 7a10) (s = v )|
9 - kg + Kk (60)
V2.5l st sp Sy
open | | (ks = (1= sy (aspsy = 7asis) (aspsy ~ Vasis) | o)
972,515, ksi + kgt
0P | _ [(1 = es5) (mssst = 7asps) +1 = Mot | (st = vasst) +1=masis )
3745, st ki + kg
opo | L0 = onsis) (spst = 72s0) + 1= mspst [ (s, = vasyst) + 1= msysl .
= (63)
RIS ki + kgt
9P | _|L(1 = @spt) (gt = vass) + 1= ast (s~ 7asst) o
3,8..s! ksi + kg,
1995907 1 2
0P(a) | [ [(1 = @stt) (st = vasst) + 1= o (st = s ) .
973,50 5, kst + kgl
opGes) | _ [(1= enstst) (s = Vasis) (astst — 7astst) o
5. s kst + kg,
open || (= @isisy) (s, = 7o) (rasisy = vasts) .
= (67)
7251 sl kgt + kg
product an, stage i is the quality bottleneck with respect to the EQB — 5 for transition m, which means when transiting

repair probabilities with defective incoming parts.
Definition 5: For i # j, if [[0P(gn)/0Y; ¢ 1,S,]| >

|[8P(g”)/ayjs5£nfp5;’n]|’ then under sequence st VixS,lnfl»Sﬁn is
the EQB — y for transition m, which means when transiting
from product Sﬁn_l to an, stage i is the quality bottleneck with
respect to failure probabilities with good incoming parts.
Definition 6: For i # j, if |[8P(g")/aui,5£n,1’5,’n]| >
|[8P(g”)/8”j,sfn,l,5,’,,]|’ then under sequence sl sl s, is
the EQB — p for transition m, which means when transiting
from product S£n_1 to S,l”, stage i is the quality bottleneck with
respect to repair probabilities with good incoming parts.
Definition 7: For i # j, if |[8P(g,,)/8ni,sﬁn_1’s£n]| >

|[8P(3”)/3’7j,sfn_1,55,,]|’ then under sequence S, Ns g 1S

m—1°""m

from product Sin—l to Sﬁn, stage i is the quality bottleneck with
respect to failure probabilities with defective incoming parts.

Definition 8: For i # j, if ”aP(g")/aei,S,',,_.san]' >
|[8P(g")/89j,sﬁn_],sf,,]|’ then under sequence s, ei»Sin_l»Sﬁn is
EQB — 6 for transition m, which means when transiting from
product an_l to an, stage i is the quality bottleneck with
respect to repair probabilities with defective incoming parts.

For instance, according to (45), the final quality P(g4) for
a two-product-four-stage system is (55), as shown at the top
of the previous page.

From (55), we have (56)—(67), as shown at the top of this
page.

By comparing (56), (58), and (60), we find
the IQB — y for product Sl1 which is the stage
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Product 1 Product 2
Fig. 5. Four types of products manufactured by the multistage system.
with ma>({[8P(g4)/8y4 sh. Sz] E)P(g4)/8)/3 5| Sz]

8P(g4)/8)/2 5! Sz]} Comparmg (58) (60), and (62), we
obtain the IQB — y for product Sl which is the stage
with max{[0P(g4)/37 g, 5] [9P(32)/3s g5l [9P@a)/
975, sh. S[]} We define (Sé) (61) as IQB *indicators for
quahty failure probabilities for good incoming parts.
Similarly, (62), (64), and (66) indicate the EQB — y for
product Sl1 and (63), (65), and (67) indicate the EQB — y
for product Slz. We define (62)-(67) as EQB indicators for
quality failure probabilities for defective incoming parts.

Two conclusions can be made from (55)—(67).

Conclusion 6: 1QB indicators are related to the transition
probabilities of both upstream and downstream stages as well
as the batch size of the product.

Conclusion 7: EQB indicators are only related to the tran-
sition probabilities of both upstream and downstream stages.

VII. CASE STUDY

To validate the applicability of the proposed method, a case
study has been conducted. To ensure the confidentiality of the
data, all the parameters introduced below have been modified
and only used for illustration.

A. Manufacturing System Description

The model is applied to a four-product-five-stage manu-
facturing system to evaluate the quality performance of the
system. The four types of products (valve shells) that need to
be manufactured in this system are shown in Fig. 5. There are
five dependent stages (OP 10, 20, 30, 40, and 50) that the four
types of products will go through. The relationships among
these five stages and the quality propagation are discussed in
detail in [32].

B. Results and Discussions

1) Model Prediction Error: Taking product 1 for an exam-
ple. According to historical data, the internal transition prob-
abilities of product 1 are calculated as o1 = 0.05, 1 = 0.94,
yi = [0.05,0.1,0.07,0.04], u; = [0.92,0.87,0.91,0.95],
n; = [0.52,0.55,0.43,0.57], and 6; = [0.45, 0.45, 0.55, 0.45].
Based on the developed model, the quality changes of product
1 along the five-stage system can be estimated. The result is
shown in Fig. 6.

The probability of producing a good product estimated
from the model is 89.46%. The actual final quality based on

813

Product 3 Product 4

96.00%

G 0

! 0a.00% $R2423%

8 = 92.00%92.40%

= 232 90.00%

258 88.00%

ST & 8600% 86.20%

£ 5 84.00%

Fig. 6. Estimated probabilities of producing good product 1 through the
five-stage system.

historical data is 89.71%, and the prediction error is 0.25%.
The result demonstrates the effectiveness and practicability of
the proposed model. For all of these four products, the average
prediction error is about 0.24%.
2) Production Sequence Analysis: According to the his-
torical data, the failure probabilities and repair probabilities
approximately follow Bernoulli distribution, which allows
us to study the system under Bernoulli case. According to
Conclusion 3, to obtain the best sequence, we need to know
the various external transition probabilities shown in Table I.
They are obtained through the following process.
For a certain part j processed by M;, either good or defective,
there exist four possible statuses.
1) Both parts (j — 1) and j are good; thus, M; maintains
a good state g;.

2) Part (j — 1) is good but part j is defective; thus, M;
transits from g; to d;.

3) The part (j — 1) is defective but part j is good; thus, M;
transits from d; to g;.

4) Both parts (j— 1) and j are defective; thus, M; maintains
a defective state dj.

The transition probabilities are estimated from historical
data by calculating the proportions of the status: proportion
of status 2) represents «, y, and n while proportion of sta-
tus 3) refers to B, u, and 6. If part (j — 1) and part j belong
to the same type of product, then the estimated probabil-
ities represent internal transition probabilities. Otherwise, if
part (j — 1) and part j belong to different types of products,
then the estimated probabilities represent external transition
probabilities.

According to (38), the sequence with the largest value
for four-product-five-stage systems is the best sequence.
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TABLE I
EXTERNAL TRANSITION PROBABILITIES OF THE SYSTEM

(1,2) (1,3) (1,4) (2,1) 2,3) (2,4)
0, 0.0667 0.0792 0.0989 0.0717 0.0598 0.0952
7, 0.0643 0.0852 0.0972 0.0916 0.0837 0.0779
74 0.1259 0.1208 0.1390 0.1010 0.1409 0.1230
7 0.1068 0.1120 0.0840 0.0958 0.0888 0.1083
7 0.0478 0.0829 0.0623 0.0458 0.0589 0.0635
/) 0.6085 0.5775 0.5711 0.5482 0.6118 0.6887
1, 0.6860 0.6491 0.6948 0.6111 0.6087 0.7403
n, 0.5710 0.5818 0.5981 0.4468 0.5520 0.6047
s 0.7205 0.6849 0.7113 0.7278 0.6925 0.6930

(3.1 (3.2) (3.4) @.D) 4.2) (4.3)
e 0.0898 0.0830 0.0574 0.0998 0.0770 0.0507
7, 0.0925 0.0951 0.0667 0.0532 0.0780 0.0956
Vs 0.1336 0.1233 0.1479 0.1237 0.1323 0.1287
7 0.0831 0.1053 0.1062 0.0833 0.0908 0.0978
75 0.0704 0.0497 0.0774 0.0583 0.0470 0.0573
/) 0.6162 0.6464 0.6798 0.6470 0.6616 0.5658
R 0.5924 0.7131 0.5557 0.6662 0.6641 0.6110
n, 0.4841 0.5294 0.5832 0.6016 0.5680 0.5067
s 0.7486 0.7256 0.6620 0.6348 0.6905 0.7580

The optimization model can be expressed as

4 4
max Z Zyi,j[(l — V5. — Vaij(n5.0j — ¥5.i))

i=1 j=I
- V3,i,j(774,i,j - )/4,i,j) (775,i,j - J/s,i,j)
+ (1 - Oll,i,j)Vz,i,j(m,i,j - V3,i,j)(774,i,j - V4,i,j)
X (775,5,]' - VS,i,j) - al,i,j772,i,j(773,i,j - J/3,i,j)

X (774,i,j - J/4,i,j) (775,i,j - VS,i,j)]

4
sty yig=1G#))

i=1

4

D ovij=LG#)

j=1

0i— @ +Nyij <N—-1,(i#ji=23,4j=2,3,4)
where all y;; = 0 or 1 and all ¢; > 0 ; when y;; = 1 prod-
uct i is processed right before product j in the batch cycle,
otherwise, y;; = 0, ¢; > 0. By solving the model, we obtain
V1,4 = 1, Y21 = 1, Y32 = 1, Y43 = 1, and other )’i,j = 0. This
result indicates that product 1 is processed before product 4,
and product 2 is processed before product 1 while product 3 is
processed before product 2, and product 4 is processed before
product 3. Then in this case, the best sequence for the four-
product-two-stage system would be 1 — 4 — 3 — 2. Under
this sequence, the corresponding probabilities are a1 4, o¢1 4.3,
@132, €121, Vi,1,4» Vi.4,3> Vi3,25 Vi2, 1> Mi,1,4> Ni,4,3, 1i,3,2, and
ni21 ((i=2,3,4,95).

Based on the above analysis, we can obtain the EQB for
each kind of parameters. Similar to (62), (64), and (66), we
can obtain the derivatives of P(gs) with respect to each exter-
nal transition probabilities. As the comparison of derivatives
is independent of the batch size, thus, it can be neglected.
Therefore as for y; 1 4 the quality failure probability with good
incoming parts when transiting from products 1-4, the related
derivatives under sequence 1 — 4 — 3 — 2 are calculated
as [0P(gs)/dys,1.4] = 0.8034, [8P(g5)/dys14] = 0.7695,
[0P(g5)/dy3,1,4] = 0.2856, and [0P(g5)/dy2,1,4] = 0.1671.
Since [0P(gs5)/dys.1,4] has the largest value, the fifth stage
OP50 is the EQB for the quality failure probability with good
incoming parts when transiting from products 1-4 in this case.
The improvement of y5 1 4 can bring the largest benefit to the
final quality.

3) Bottleneck Analysis: Also, take product 1 for an exam-
ple. The quality has the biggest decrease in the third stage
(Fig. 6). Taking the third stage into consideration, we can
do the sensitivity analysis to find out which transition prob-
ability P(g3)is most sensitive. In this case, y3, 13, 13, and
03 are increased or decreased by given percentages and the
sensitivities with respect to the four parameters at 10% are
Sy, =9.43%, S, = 12.13%, Sy, = 4.21%, and Sg; = 0.61%,
respectively, which indicates that the quality P(g3) is most
sensitive to the quality failure probability for good incoming
parts u3. Based on the model and Definitions 1-4, we can find
the IQB for this system. For the repair probability with good
incoming parts u;, the relationships between p; and P(g4) are
shown in Fig. 7.
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Fig. 7. Relationships between j; and P(g4).

From Fig. 7, we can see that changes of pus have the
greatest impact on the final quality P(gs). The derivatives of
P(g5) also show the same result. The corresponding deriva-
tives are [0P(gs)/0uz] = 0.0065, [0P(gs)/dumu3] = 0.0255,
[0P(gs)/dms] = 0.0570, and [dP(gs5)/0mus] = 0.0938. As
[0P(g5)/dus] is the largest among these derivatives, the fifth
stage OP50 is the IQB for repair probability with good incom-
ing parts p; in this case. This means changes of 5 can lead
to the largest improvement to the final quality.

VIII. CONCLUSION

M3Ss have been widely applied in industry. It is very
important to develop a proper method to evaluate the qual-
ity performance of M>Ss. This paper is devoted to modeling
and analyzing steady-state M3Ss for quality improvement and
filling the gap between FMSs and quality propagation among
multiple stages. Two novel Markov models for multiproduct-
two-stage systems and multiproduct-multistage systems are
developed for quality improvement. The models take both
product flexibility and quality propagation into consideration.
Several important quality properties including production strat-
egy, product sequence, and quality bottleneck identification are
analyzed and a few practical conclusions are noted to provide
some insights on quality improvement. Finally, a case study on
valve shells is conducted to illustrated the effectiveness of the
proposed models. The average prediction error of the models
is about 0.24%.

Based on the proposed models in this paper, future work
can be conducted as follows.

1) The Markov models can be extended to the one charac-
tering the transient-state quality performance. A Markov
model is desirable to be developed for both steady-state
and transient-state quality performance.

Some other properties in M3Ss for quality improvement
can be investigated, such as monotonicity, settling time,
and quality loss.

2)

3) The future work also can be directed to modeling and
analysis of serial-parallel M?Ss.

APPENDIX
PROOFS

A. Proof of Conclusion 3

According to (39), when there are n types of products, under
BP, the difference between the probabilities of producing good
products with sequence S’ and §” is (A1), as shown at the top
of the next page, where

n n
D ks =D ksy (A2)
i=1 i=1
n
D (k= 1) (1 =g e v = i)
i—
n
= Z(ks;." - 1)<1 — agr s sy
i=1
+ agr srysesy — VS;",S;”)o (A3)

Thus, A(1) can be simplified as (A4), as shown at the top
of the next page.

On the other hand, under SP, the difference between prob-
abilities of producing good product with sequence S’ and §”
is (AS5), as shown at the top of the next page.

Comparing A(1) with A(5), it can be seen that they have
the same signature, which means the best sequences under BP
and SP are consistent with each other: P(gf)p) — P(gfp) >

P(gl) — P(g™).

B. Proof of Conclusion 4
. 1 _ _ o
Under Bernoulli case, assume that Si’j =1 ay sl sl ﬂl,sf.,sf.*

2 _ 31 _
§ij=1=v g5t =Ml 6; =15 5 =05 g and the
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n
Dici (ksl. - 1) (1 — oy slsil st st O gl sV lsl T Vz,sf,sf)

n
2=t ks
n
Zi=2(1 —Oy g sl st T g siYa sl sl T Vz,sll.fl,sf) + (1 — 5SSt T s st Va5t sh T Vz,sfl,s’l)
+ STk
i=1"s!
i (ks;." - 1)<1 AT I i S WA LD SR K Y Vz,s;",s;")
- n
2ie kSi"
n
Zizz(l oy Srn2,s LS T oS Y, s s Vz,s;'i,,s;") + (1 —aygm g2, em s O sm s YD sm s — Vz,snm,s',">
- n
Zi:] kS,*”
(AD)
/ m
d (gbp) -F (gbp)
n
il —« o - ) (1 —o o - )
B 2:2( 18 siasl st T gl Va5l sl T Vasl sl ) T 15,8t ust,st F s st Vast.sl ~ VoS,
- n
D ks§
n
Zizz(l oS SrnLsy se oS sryLsT s Vl,sg'il,sg"> + (1 — o gm SN2, sm STt 0 sm Y2, sm ST — Vl,snm,s'l")
- n
21 ks{
(A4)

P(gis —P(g;r;)

n
Zi:2(1 —Oy g sl st T g siYa sl sl T V2,Sf.71,Sll-) + (1 — s s T g st Vo stsl T Vz,sf,,sll)

n

n
Zizz(l oS srneLsy se oS srya s s Vz,s;’:l,sg") + (1 — oy gmsnn2,sm STt o sm s Y2, 5m ST — V2,S;{’,S’l”)

n

(AS5)

matrix of state transition probabilities will be In the Bernoulli case where Cizj = 0, (A13), as shown at

- the top of the page following the next page

0 Gz 0 0 0 0 Defining function F as the summation of the first and second
0 0 0 0 0 0 column of the fourth row in a 4 x 4 matrix, we have
0 0 Ci’ks{ 0 0 0 iy
0 0 0 Ciia O 0 (o) = | ’F[Cl 2*1}
= ’ == i+ Ci Al4
C 0 0 0 0 Civin 0 (g) % ;; ( i.j z,/) ( )
0 0 0 0 0 0 L kst .
0 0 0 0 0 Cok, = EZZF[(C;J) ] (A15)
| Cia O 0 0 o - 0 i=1 j=1
(A6)  p(y_ L i
(¢) = T
where (A7), as shown at the top of the next page. ) kg X S\ -l
Cij can be written as the summation of Cil’j and Ci%j, > Zj:ll {(1 + 5max)F[(Ci,j + Ci,j) } - F[(Ci,j) “
and (A8) and (A9), as shown at the top of the next page. = .
. K(1 + 8max)
According to (26) (A16)
B=1[B1 B Bn] . (A10) Calculate the block matrixes (Cl-l’j + Ciz)j)_1 and (Cil‘j)_l,
Bi=By=--=B=[0 0 0 gzl (AD e obain that when S < 1(1 + Sma) FI(CL + C2)~ 1] —

Then for a general case (A12), as shown at the top of the
next page.

FI(C})~"] = 0 which means P(g') — [1/(1 + $max)]x' = 0.
Similarly, P(g") — [1/(1 — 8max)]1x’ < 0 can be proved.
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(1-ersg)(1-rsg) =1 ags(1-rgs) (1-onss)rgs
co— (1= 7s.s1) (1= ) (1 = n5) =1 Ps.siMs..s !
L] —
L—ag s )uss ol s (1= ag) (1 -mgg) =1 1
I Pst.si0s.s b Past) s P\l = Ot :
(1—ag)(1=rg) =t egg(i=rgy)  (Tmagg)rgy
| (e (tongs)  ega(i-mgg) =1 (1-egg)gs 1
ey g)(1=rgy)  oygltongg)  (-ogg)ry -t
| (e (=ngg)  ags(i-mgs)  (1mogg)ngy
0 0 0 0
1 1 1
=8(1 = n5.1) o1 = ns.5) 0L, 0
+ 2 2 2
~20(1 e s) BORE (1 - e 0
3 1 3 3 1 3 3 1 1
5:‘,/(1 - asf,sf) - 51,/'(1 —Nslst — ‘Si,j) _51',./0‘5{.,55 + 51,/(1 — sl s Si,j) 5i,j(1 —Uglsl T 5i,j) - 5[,/’735,55. 0
(A7)
(1—ag) (=) =t agg(-ms)  (maggrgy
l—azz)l—nlz o all—nga)—1 Il —ag o |ng o 1
St St N Si8; S0, 80.8; ) 118, S;
Gl = i (A8)
1 - 0‘5(5’.) 1 —yg g gl gl 1 - Vsl st (1 — Ol g )Vl gl — 11
(1 - Oésl_,sl.)(l — Nl gl ag g1 —1ng g l—agg)ngg 1
0 0 0 0 0
) =8 (1 = st 301 = ng.s1) 81,158 0
C = 2 2 2
Y =i\ —ag g —0i%s. 5! 5i,j<1 — %slst 0
3 I 3 3 1 3 3 1 1
_5i,j(1 - asf,sf) - (Si,j(l — Nstst — 51',,') —& st st 5i,j<1 —Nstst — 5i,j) Si,j(l — Ul T (Si,j) —dimsist O
(A9)
-1
X:BCiI:B(Cl-f—CZ) :[Bl B, --- Bn]
0 0 0 0 0 (chi+c)
(clo+cty) 0 0 0 0 0
0 0 0 0 0 0
-1
2
0 (Ci_ b TC kﬂ) 0 0 0 0
X ! 1
0 0 <Ci]+1,1 + Ci2+l,l) 0 0 0
-1
0 0 0 (Cil—O—LZ + Ci2+l,2) 0 0
0 0 0 0 0 0
—1
1
I 0 0 0 0 (kas; +C2, z) 0 |
(A12)
C. Proof of Conclusion 5 Then according to (A2) and (A3)
! m
According to (39) and (40), lel)p’ ng), xslp, and Xs’;’) can be st — Xy _ Xbop — Xbp.
obtained, (A17)-(A20), as shown at the top of the next page. xk+ xm xép + )(1;’]’3
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_ -
0 0 0 0 o (cl))
—1
(ci,) 0 0 0 0 0
0 0 0 0 0 0
-1
0 (Cil,k1> 0 0 0 0
=[B1 B - By] K Ll (A13)
0 0 (chiy) 0 0 0
0 0 o (c )_1 0 0
i+1,2
0 0 0 0 0 0
~1
0 0 0 0 (c;,ksl) o

n
C oy Sk =) (e g amg g ~ V)
P(shy) =

X =
P Yiei kg
1
n
S (1 = o st st ous, v s~ ast o) (1= s s F o s Vass ~ ass)
n
2izi ks§
(A17)
n
2= (kS;-” - 1) (1 o sy SIS Sy t OLs S Y2 s s J/z,s;ﬂ,s;ﬂ)
m m
Xbp = P(gbp) = n
2 iz ksy
Z"I—z<1 - sense se oS srya s st T VoSt sm) + (1 — oy g ST, 5m S o sm s Y2, sm s Vs S’”)
+ = Hi—1"i Wi—1"i Pi—1"i i1 i1V sPn P On 0] *Pn Y1 On 0] On 0]
n
Zi:1 ks;"
(A18)
I _ p(,l
Xsp =P gss)
n
il =y g anyg g+o; g aVag o— 1 1)+(1—Ol I 1+ o 1 | — 1)
_ 21_2< 1,80 . siast st T st stVast st~ VoSt st 18,8, T2t st T Yy st st Vastsh T VoSt
n
(A19)

n
Zizz(l —apsm smhp.sm smF Qs gmya sn o sm = Vz,s;.zl,s;") + (1 — Qg sm g, g s+ QL s sy smosm = )’2,5;;1,5’1")

n
(A20)
. l !
Based on Conclusion 4 (Xbp - X{:;)) — Omax (Xbp + X{Zé)
- 812113)(
(th)p - ng)) ~+ Smax (Xép + ng))
I I ! I <P(g )—Plgl) <
X <Plg)< X bp bp 1 — 52
1 + (Smax 1 - Smax max A22
(Xzs - X:rvl) — Smax (ng + Xvnvz) ( )
1 - (Srgnax
_ P( 1 ) _P(gr) < (X5 = xo) =+ Smax (x5 + x30) when 0 < Smax < L0 — XM/ s+ xb] =
Bs Bs 1— 82, [ty — xim)/ (i + X, We have (xgs — x4 — Smax (X, +

(A21) x> 0 and (g, — xip) — Smax(xpp + xip) > O, then
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P(gl) — P(g") > 0 and P(g,gp) — P(gpr) > 0, which means
P(g}ljp) > P(gh) & P(gl,) > P(g™) in the Bernoulli case.
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